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1. A Dyck path is a path in the first quadrant, which begins at the origin, ends at 
(2n,0) and consists of steps (1, 1) (North-East, called rises) and (1 , -1 )  (South-East, 
called falls). We will refer to n as the semilength of the path. 
We denote by Dn the set of all Dyck paths of semilength n. By Do we denote the 
set consisting only of the empty path. It is well-known that the number of all Dyck 
paths of semilength n is the nth Catalan number 
e n - -  
n+l  
We can encode each NE step by a letter u (for up) and each SE step by d (for down), 
obtaining the encoding of a Dyck path by a so-called Dyck word. 
Numerous nonnegative integer-valued parameters can be defined for a Dyck path. 
For example, some parameters are: the number of peaks (i.e. ud's), the number of 
valleys (i.e. du's), the height of the first peak (i.e. the length of the initial max- 
imal sequence of u's), the number of returns (i.e. d's landing on the horizontal 
axis). 
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We say that two parameters Pl and P2 have the same distribution if for each non- 
negative integers n and k the sets 
{rcEDn: p l ( r t )=k} and {~ED,:  p2(~)=k} 
are equinumerous. 
The purpose of this note is to introduce a bijection I ' :Dn ~ D, which shows that 
the following two parameters of Dyck paths have the same distribution: 
(i) the height of the first peak; 
(ii) the number of returns. 
As a bonus we shall obtain the equidistribution f other parameters as well. Namely, 
it will be shown that the number of peaks of height greater than 1 has the Narayana 
distribution. 
2. Let re E D, be an arbitrary Dyck path of semilength n. Assume that n has k 
returns. Delete the very first step of n and all the k return steps (the heavy lines in 
Fig. l(a)). Draw the remaining steps continuously and add an NE step followed by 
k SE steps (the dotted lines in Fig. l(b)). The resulting path is F (n)6  Dn. It can be 
easily seen that the points of F(n) where the return steps have been deleted are the 
next to the last points on F(~) with ordinates 0, 1, 2 . . . . .  k -  1, respectively (the heavy 
points in Fig. l(b)). Due to this, it is easy to recapture zc from F(n), showing that/" 
is indeed a bijection. 
The two parameters have the same distribution since we have 
the number of returns of ~ = height of the last peak of F(r0. 
Remark 1. The equidistribution of the two parameters can be proved in several other 
ways. 
(a) Consider the following two well-known bijections between the set Tn of ordered 
trees with n edges and the set Dn: 
(i) Al: Tn ~D, ,  where for r E Tn the Dyck path At(z) is obtained in the following 
way: traverse the tree in preorder (the root is at the top); to each edge passed on the 
way down there corresponds a NE step and to each edge passed on the way up there 
corresponds a SE step; 
(ii) A2 : Tn ~ Dn, where for z ~ T n the Dyck path A2('c) is obtained in the following 
way: traverse the tree in preorder (the root is at the top); to each node of outdegree 
r there correspond r NE steps followed by 1 SE step; nothing corresponds to the last 
leaf. 
From these definitions we obtain at once that 
degree of the root of z = number of returns of AI(z) 
= height of the first peak of A2(z), 
proving the desired equidistribution. 
(b) The number an,k of Dyck paths of semilength n having height of the first peak 
equal to k is equal to the number of paths from (2n, 0) to (k+ 1,k-1 ) or to the number 
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of paths from (2n + 1, -1)  to (k + 1,k - 1) that do not touch again the horizontal 
line through (2n + 1 , -  1). By a change of axes, this is equal to the number of paths 
from (0,0) to (2n-  k,k)  that stay above the new horizontal axis. These are precisely 
the so-called ballot paths and, making use of the ballot theorem (see, for example, 
[2, p. 73]), we find 
k (2nnk) .  
an,k 2n - k 
On the other hand, the number bn,k of Dyck paths of semilength n and having k returns 
is given by 
bn,k : ~ Ci I - - IC i2 - -1 ' ' 'C i , - - I ,  ( l )  
where the summation extends over all positive integer solutions of il + i2 +. .  • + ik = n. 
Here we have taken into account that the number of Dyck paths of semilength m having 
exactly one return is equal to Cm-l. From (1) we obtain (see [3, p. 203, (5.70)]). 
Cnn ) b,,k = [ z~-k ]Ck ( Z ) = 2n -- k = a~,k , 
where c(z) is the generating function of the sequence (c,),~>0. 
(c) Let f2(t,z) be the generating function of Dyck paths according to some parameter 
p (coded by t) and semilength (coded by z). One can show [1] in a rather elementary 
way that in both cases, i.e. when p is either 'height of first peak' or 'number of 
returns', the generating function is given by 
1 
f2(t,z) = 1 - tzc(z)" 
3. By a low peak of a Dyck path n C Dn we mean a peak of 7z at level 1 and by 
a high peak we mean a peak at a level greater than 1. From the definition of the 
bijection F:D~ ~ D,  it follows at once that we have 
number of peaks of F(zt) = 1 + number of high peaks of rt 
since in the construction of F(rc) all the low peaks of n are lost and a new peak is 
gained. It follows that 
number of high peaks of ~z : number of valleys of FQt). 
Consequently, the following five parameters of Dyck paths have the same distribution 
(namely, the Narayana numbers): 
(i) number of high peaks; 
(ii) number of valleys; 
(iii) number of doublerises (i.e. uu's); 
(iv) number of rises at an even level; 
(v) number of nonfinal ascents and descents of length greater than 1 (an ascent 
(descent) is a maximal string of u's (d's)). 
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Indeed, the equidistribution f the last four parameters i  known [1,4-7, 9]. The first 
of these parameters seems to be new and it is the only one of these five that is not 
included in the collection of the 113 statistics atisfying the Narayana distribution, as 
catalogued in [7]. 
Remark 2. Sulanke [8] has constructed another bijection on Dn from which one obtains 
the equidistribution f the parameters (i) the number of high peaks and (ii) the number 
of valleys. Namely, for each path raise the horizontal axis two units and let the high 
peaks become the valleys of the image path. 
Acknowledgements 
The author expresses his appreciation for the interest aken in this work by R.A. 
Sulanke. Also, many thanks to an anonymous referee for improving the presentation 
by suggesting some changes. 
References 
[1] E. Deutsch, Enumeration of Dyck paths according to length and various other parameters, Unsobmitted 
manuscript, 1995. 
[2] W. Feller, An Introduction to Probability Theory and Its Applications, 2nd ed., Wiley, New York, 1968. 
[3] R.L. Graham, D.E. Knuth, O. Patashnik, Concrete Mathematics, 2nd ed., Addison-Wesley, Reading, MA, 
1994. 
[4] G. Kreweras, Joint distributions of three descriptive parameters of bridges, in: Combinatoire 6num6rative, 
Proc. 'Colloque de combinatoire 6num6rative', Montr6al, May 28-June I, 1985, Lecture Notes in 
Mathematics, vol. 1234, Springer, Berlin, 1986, pp. 177-191. 
[5] G. Krewer~, P. Moszkowski, A new enumerative property of the Narayana numbers, Statist. Plann. 
Inference 14 (1986) 63~7. 
[6] G. Kreweras, Y. Poupard, Subdivision des nombres de Narayana suivant deux param&res suppl6mentaires, 
Eur. J. Combin. 7 (1986) 141-149. 
[7] R.A. Sulanke, Catalan path statistics having the Narayana distribution, Discrete Math., to appear. 
[8] R.A. Sulanke, private communication. 
19] D. Zeilberger, Six 6tudes in generating functions, Internat. J. Computer Math. 29 (1989) 201-215. 
